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A model for the acoustic production of gravitational waves at a first order phase transition is
presented. The source of gravitational radiation is the sound waves generated by the explosive growth
of bubbles of the stable phase. The model assumes that the sound waves are linear and that their
power spectrum is determined by the characteristic form of the sound shell around the expanding
bubble. The predicted power spectrum has two length scales, the average bubble separation and
the sound shell width when the bubbles collide. The peak of the power spectrum is at wavenumbers
set by the sound shell width. For higher wavenumber k, the power spectrum decreases as k−3.
At wavenumbers below the inverse bubble separation, the power spectrum goes as k5. For bubble
wall speeds near the speed of sound where these two length scales are distinguished, there is an
intermediate k1 power law. The detailed dependence of the power spectrum on the wall speed and
the other parameters of the phase transition raises the possibility of their constraint or measurement
at a future space-based gravitational wave observatory such as eLISA.
PACS numbers: 64.60.Q-, 47.75.+f, 95.30.Lz
Interest in gravitational waves from a first order elec-
troweak phase transition in the early Universe [1–3] has
greatly increased following the European Space Agency’s
approval of a space-based gravitational wave observatory
[4] and the detection of gravitational waves from a merg-
ing black hole binary [5]. At the same time, it has been
realised that early work on gravitational waves from a
thermal phase transition [6, 7] greatly underestimated
their energy density [8]. The first 3-dimensional hydro-
dynamic simulations [8, 9] revealed that the dominant
source of gravitational waves was acoustic production
from sound waves generated by the explosive growth of
bubbles of the stable phase. In fact, it had been pointed
out long ago that sound waves were a source of gravita-
tional waves [10], but subsequent work had not appreci-
ated that the sound wave source persisted for long after
the phase transition completed, hence boosting the signal
by orders of magnitude. The original model of gravita-
tional radiation from the colliding bubble walls may still
be relevant for near-vacuum transitions [11], and a semi-
analytic approach has recently been developed [12].
The simulations in [8, 9] revealed a power spectrum
peaked at a wavelength around the average bubble sep-
aration R∗, with a power-law k
−p at wavenumber k ≫
R−1∗ . Where the power law is clear, the index was some-
where in the range −3 . p . −4. There was also ev-
idence for some structure in the peak: where the bub-
ble wall speed vw was closer to the speed of sound, the
peak was broader. Understanding the gravitational wave
power spectrum is of great importance for eLISA’s de-
tection prospects [13], and so it is vital to have a better
physical understanding of the numerical simulations.
In this work, I outline a model for the acoustic gravi-
tational wave power spectrum based on the observation
that the shells of compression and rarefaction (i.e. sound
pulses) around the expanding bubble of the stable phase
continue to propagate after the phase boundaries driving
them have disappeared. The radial velocity field v(r, t)
surrounding the bubble takes a characteristic invariant
profile vip(ξ), with ξ = r/t, which acts as the initial con-
dition for the sound wave at the bubble wall collision
time ti. The subsequent local fluid velocity is the super-
position of the sound waves from many sound shells, and
can be treated as a Gaussian random field while linearity
is maintained. The power spectrum of the velocity field
is computable from the velocity profile vip(ξ), which has
a simple form in linearised hydrodynamics. The grav-
itational wave power spectrum can then be computed
from a Gaussian velocity field by a simple convolution
of the power spectrum [14, 15]. The model is distin-
guished from earlier modelling of the velocity field and
shear stress correlations [16, 17] by the recognition that
long-lasting sound waves are the main source of gravita-
tional radiation, and by the computation of their power
spectrum from the hydrodynamic solution.
In the sound shell model the gravitational wave power
spectrum has a characteristic double broken power law
form (38) with two length scales, the bubble separation
R∗ and the sound shell thickness ∆R∗. For wall speeds
near the speed of sound cs, the sound shell is thin, and
there is a characteristic k1 power law in the range R−1∗ .
k . ∆R−1∗ . For large k∆R∗, the power law index is −3,
and for small kR∗, it is +5.
In the following I recap how the gravitational wave
power spectrum can be derived from the shear stress un-
equal time correlator (UETC), and how the shear stress
power spectrum is found from the velocity power spec-
trum. I then present the model for the velocity power
2spectrum, derived from an incoherent superposition of
the power spectra from randomly placed sound shells,
which are launched into free propagation on the collision
of the phase boundaries.
In its simplest form, the model assumes that all fluid
velocities are non-relativistic, and that the bubble sepa-
ration is much less than the Hubble distance at the tran-
sition 1/H∗. A corollary is that the duration of the tran-
sition is much shorter than the Hubble time. We find it
convenient to distinguish between the spectral density of
a field with Fourier coefficients fk, Pf = |fk|2, and the
power spectrum Pf = k3|fk|2/2π2.
We start by defining
τ ij = wǫvivj (1)
where vi is the fluid velocity, ǫ is the energy density and w
is the equation of state of parameter of the fluid (equal to
1/3 for an ideal relativistic gas). This is the relevant part
of the energy-momentum tensor for gravitational wave
production from a fluid moving non-relativistically.
The fluid shear stress UETC Π2 is then defined from
λij,kl(k1)
〈
τ ij
k1
(t1)τ
kl
k2
(t2)
〉
= Π2(k1, t1, t2)(2π)
3δ(k1 + k2),
(2)
where λij,kl(k) is the transverse-traceless projector for
symmetric tensors. Assuming that the fluid shear stress
fluctuations have a characteristic length scale Lf and are
stationary well after they are created, we may write
Π2(k, t1, t2) ≃ (wǫ¯U2f )2L3f Π˜2(kLf, ζ), (3)
where ζ = k(t1 − t2), ǫ¯ is the mean energy density, and
U
2
f is the mean square fluid velocity (weighted by energy
density). We assume that the energy density fluctuations
are of order U f and can be neglected.
The gravitational wave power spectrum of an acoustic
source with lifetime τv and a length scale Lf operating
when the Hubble rate is H∗ can be shown to be [9]
dΩGW(k)
d ln(k)
= 3(1+w)2U
4
f (H∗τv)(H∗Lf)
(kLf)
3
2π2
P˜GW(kLf).
(4)
The dimensionless spectral density P˜GW(kLf) is found
from integrating the scaled fluid shear stress UETC with
the appropriate Greens functions,
P˜GW(kLf) =
1
kLf
∫
dζ
cos(ζ)
2
Π˜2(kLf, ζ). (5)
Although apparently a Minkowski space expression, it
was shown in [9] that (5) also applies to an expanding
universe, provided the correlation scale Lf is much less
than the Hubble distance. It was also shown that viscous
damping is negligible for the scales of interest, and that
the effective source lifetime τv is precisely the Hubble
time H−1∗ [9]. Dissipation can also arise through the
formation of shocks (and eventually turbulence), after a
time [18, 19]
τsh ∼ Lf/U f. (6)
We will assume that U f ≪ LfH∗.
We now assume that the shear stress UETC is gener-
ated from a Gaussian random irrotational velocity field
vi(x, t), as appropriate for sound waves. We denote the
Fourier transform
v˜iq(t) =
∫
d3xvi(x, t)e−iq·x, (7)
and the longitudinal part of its UETC by
G(q, t1, t2) = qˆ
iqˆj
〈
v˜iq1(t1)v˜
∗j
q2
(t2)
〉
(2π)3δ(q1 − q2).
(8)
It can then be shown that [14–16]
Π2(k; t1, t2) =(
4
3
ǫ¯
)2 ∫
d3q
(2π)3
q2
q˜2
(1− µ2)2G(q, t1, t2)G(q˜, t1, t2),
(9)
where q˜ = q− k and µ = qˆ · kˆ.
Our model velocity field is the superposition of velocity
fields from bubbles nucleated at random times t(n) and
positions x(n),
vi(x, t) =
∑
n
v
(n)
i (x, t). (10)
The velocity field of the bubbles is taken to be the asymp-
totic invariant profile, which is radial. When a segment
of a bubble wall collides at ti, removing the local forcing
of the fluid, the fluid is launched into free propagation,
so that the invariant profile is the initial condition for the
subsequent linear evolution of the velocity field. The free
velocity field obeys the equation
(
∂2t − cs∇2
)
vi(x, t) = 0, (11)
whose general solution has the plane wave decomposition
vi(x, t) =
∫
d3q
(2π)3
(
viqe
−iωt+iq·x + v∗iq e
iωt−iq·x
)
, (12)
where ω = csq. Note the distinction between the plane
wave amplitudes viq and the Fourier transform of the ve-
locity field v˜iq(t).
Writing ˙˜vi(q, t) for the acceleration field, we see that
at the matching time ti the plane wave amplitude is
viq =
1
2
(
v˜iq(ti) +
i
ω
˙˜viq(ti)
)
eiωti . (13)
The fields vi(x, t) and v˙i(x, t) are related by the fluid
velocity around the colliding bubbles, and so the plane
3wave coefficients viq1 and v
∗j
q2
are not independent. We will see (25) that the relationship is
v
(n)
q,i ≃ −e2iωti+iθ(z)v(n)∗−q,i, (14)
where θ is a q-dependent phase. With this is mind, one
can show that
〈
v˜iq1(t1)v˜
∗j
q2
(t2)
〉
= 2qˆi1qˆ
j
1Pv(q1)
{
cos[ω1(t1 − t2)](2π)3δ(q1 − q2)− cos[ω1(t1 + t2 − 2ti − θ)](2π)3δ(q1 + q2)
}
, (15)
where Pv is the spectral density of the plane wave ampli-
tudes, defined from
〈
viq1v
∗i
q2
〉
= Pv(q1)(2π)
3δ(q1 − q2). (16)
In the sound shell model, the power spectrum is the in-
coherent sum of contributions to the power spectrum
from collisions at a distribution of times ti. We assume
that this distribution varies slowly over the period of the
sound waves, and so that the second term in (15) does
not contribute. Hence the relation between the velocity
unequal time correlation function and the power spectral
density of the plane wave coefficients is
G(q, t1, t2) = 2Pv(q) cos[ω(t1 − t2)], (17)
where ω = csq. We see that after integration over all the
collisions, the velocity UETC, and therefore the shear
stress UETC, are stationary (depend only on t1 − t2).
With this form of the velocity UETC, the cosines com-
bine to produce delta-functions δ(k±ω±ω˜) in the integral
over t1 − t2 in (5). Only k − ω − ω˜ can vanish, and it
follows that
P˜GW(y) =
1
4πycs
(
1− c2s
c2s
)2 ∫ z+
z
−
dz
z
(z − z+)2(z − z−)2
(z+ + z− − z) P¯v(z)P¯v(z+ + z− − z), (18)
where y = kLf, z = qLf and z± =
y
cs
(
1±cs
2
)
.
It is then clear that if the velocity power spectrum Pv
goes as (qLf)
n over a range of wavenumbers, the gravita-
tional wave power spectrum goes as
dΩGW(k)
d ln(k)
∼ (kLf)2n−1. (19)
We now calculate the spectral density of the plane wave
coefficients for the sound shell around a single bubble,
nucleated at time t(n) at position x(n). The velocity field
is radial and self-similar, so that we can write
v
(n)
i (x, t) = Rˆ
(n)
i vip(ξ), (20)
where R
(n)
i = xi − x(n)i , T (n) = t − t(n), and ξ =
R(n)/T (n). The function vip for various wall speeds can
be seen in Fig. 3 of Ref. [20]. The width of velocity profile
is determined by ∆vw = vw − cs.
The Fourier transform of the velocity field is
v˜
(n)
i (q, t) = e
−iq·x(n)(T (n))3izˆif ′(z), (21)
where zi = qiT (n) and
f(z) =
4π
z
∫ ∞
0
dξvip(ξ) sin(zξ). (22)
The time derivative of v˜i follows from the time-
dependence of the invariant profile, so that
˙˜v
(n)
i (q, t) = e
−iq·x(n)(T (n))2izˆig
′(z), (23)
where
g(z) =
1
z
d
dz
(z2f(z)). (24)
The contribution from the nth bubble to the coefficient
in the plane wave expansion of the general solution is
therefore
v
(n)
q,i = i(T
(n)
i )
3zˆie
iωti−iq·x
(n)
A(z), (25)
where T
(n)
i = ti − t(n) and
A(z) =
1
2
[
f ′(z) +
i
csz
g′(z)
]
. (26)
4Note that now, z = qT
(n)
i .
We average over bubble centres and the collision time
distribution n(Ti), which is calculable from the bubble
nucleation rate [21, 22]. On dimensional grounds we can
write
n(Ti)dTi =
β
R3∗
ν(βTi)dTi, (27)
where β = (8π)
1
3 vw/R∗ [22] is the phase transition rate
parameter. By definition,
∫
n(Ti)dTi = 1/R
3
∗, the bubble
number density. Hence the velocity spectral density is
Pv(q) =
R3∗
(8π)2v6w
∫
dT˜ ν(T˜ )T˜ 6|A(T˜ q/β)|2, (28)
where T˜ = βTi. The collision times are peaked around
T˜ ≃ βR∗/vw with similar width, so if there is a power
law zn−3 in the 1-bubble spectral density |A2|, we have
Pv(q) ∼ R3∗(qR∗)n−3. (29)
Oscillatory features at high qR∗ will be averaged over.
The linearised fluid equations have the solution [23, 24]
vip(ξ) = vmax
v2w
ξ2
c2s − ξ2
c2s − v2w
, (30)
where vmax(vw, α) is computable from the wall speed
and the scalar potential difference relative to the to-
tal energy density α [1, 18, 25]. For small α, and
|vw − cs| > O(
√
αcs),
vmax ≃ 3αvw|γ2ws| (31)
where γ2ws = c
2
s/(c
2
s − v2w). For low fluid speeds, the
solution (30) is valid for ξ between vw and cs.
The transform (22) can be calculated exactly, giving
f ′(z) = −4πvmaxv2wcs
1
csz
[
sinc(vwz)
+
2γ2ws
(csz)2
(cos(csz)− cos(vwz))
]
, (32)
g′(z) = 4πvmaxv
2
wcs
1
csz
[
vwzj1(vwz)
+ 2γ2ws (sinc(csz)− sinc(vwz))
]
. (33)
The limits of the power spectrum can now be extracted,
distinguishing between the scales vwz and ∆vwz. First,
when both zvw and z∆vw are small,
|A(z)|2 ≃ 4π
2
9
v2maxv
4
wc
2
s
(
1 +
vw
cs
)2(
∆vw
cs
)2
, (34)
a white noise power spectrum as expected. For a thin
sound shell, we can investigate the range z∆vw ≪ 1 ≪
zvw, for which
|A(z)|2 ≃ π2v2maxc6s
(
∆vw
cs
)2
1
(csz)2
. (35)
Finally, at when both zvw and z∆vw are large,
|A(z)|2 ≃ 4π2v2maxv2wc2s
c2s sin
2(vwz) + v
2
w cos
2(vwz)
(zcs)4
.
(36)
Hence the velocity power spectrum goes as
Pv(q) ∼


(qR∗)
3, q∆R∗, qR∗ ≪ 1
(qR∗)
1, q∆R∗ ≪ 1≪ qR∗
(qR∗)
−1, 1≪ q∆R∗, R∗
(37)
where ∆R∗ ≃ ∆vw/β. The q−1 form at large q is a
consequence of the compact support of the velocity field
for ξ between vw and cs. If the discontinuity at ξ = vw
is smoothed over a length scale ℓ, the power law form no
longer applies for q ≫ ℓ−1.
The gravitational wave power spectrum goes as
dΩGW(k)
d ln(k)
∼


(kR∗)
5, k∆R∗, kR∗ ≪ 1,
(kR∗)
1, k∆R∗ ≪ 1≪ kR∗,
(kR∗)
−3, 1≪ k∆R∗, R∗.
(38)
The form (38) is the main result. Note that the peak
of the power spectrum is set by the sound shell thick-
ness, not the bubble separation. Note also that the low
wavenumber power law is steeper than the expected k3.
This is consistent with causality, which only bounds the
power spectrum to be less than k3. At very low wave-
lengths, we expect the contribution from bubble colli-
sions, which does go as k3, to take over.
We can check these predictions against the velocity and
gravitational wave power spectra from numerical simula-
tions, shown in Figs. 7 and 8 of Ref. [9]. As noted in
that paper, at high k one can identify a k−1 power law
in the velocity power spectrum and a k−3 power law in
the gravitational wave power spectrum for the weak de-
flagration (vw = 0.44, U f ≃ 0.0073), in accord with the
sound shell model. The power spectra are steeper for the
weak detonation (vw = 0.83, U f ≃ 0.0052), although this
may be due to the velocity field not reaching its invariant
profile (see Fig. 3), or a lack of dynamic range beyond
the peak. Interestingly, at vw = 0.54 there is a sugges-
tion of an intermediate k1 power law in both the velocity
and gravitational wave power spectra, although there is
not enough dynamic range to clearly distinguish them, or
a long-wavelength k5 power law in gravitational waves.
Further tests require larger simulations [26].
In summary, a model for the acoustic production of
gravitational waves at a first-order phase transition has
been outlined. The gravitational wave power spectrum is
a double broken power law (38) built from the two phys-
ical scales: the bubble separation and the sound shell
thickness. For a generic wall speed these scales are ap-
proximately the same, and the form of the power spec-
trum for both deflagrations and detonations is similar
(but not identical). Wall speeds near the speed of sound
5are distinguished by an intermediate k1 power law be-
tween the two scales.
The detailed power spectrum depends computably on
the wall speed, the bubble separation, the Hubble pa-
rameter at the transition, and the latent heat. Future
work will exhibit this dependence, and explore prospects
for the measurement or constraint of the phase transi-
tion parameters by accurate determination of a stochas-
tic gravitational wave background.
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